Introduction
For a bounded open set U cz C, we denote by i/°°(E7) the collection of all bounded analytic functions on U. We let X denote bdy (U), the boundary of U, Y denote the polynomial hull of U (the complement of the unbounded component of C \X), and U* denote int (F), the interior of Y. We denote the sup norm of a function / : A -> C by Il/L: ||/IU = sup {|/( 2 )|: zeA}.
We denote the space of all analytic polynomials by C [2] , and we denote the open unit disc by D and the unit circle by S 1 . This paper concerns the possibility of approximating a function feH^iU), using only polynomials which satisfy the same control as |/| on a prescribed subset S cz U. This kind of approximation was first considered by O. J. Farrell, and has been studied by Rubel and Stray (cf. [4] ).
Definition. Let f / c C be a bounded open set, and Fez clos(U) be closed. We say that (U,F) is a Farrell pair if for each feH co (U), and each e > 0, there exist p m (z)eC [z] , such that
Pm (z)->f(z), f o r a l l z e E M I p J I^H / H u , and \\p m \\ P^\Fnu
We shall characterize the Farrell pairs. and the sets E n n U n have inner analytic capacity zero. Thus, if we are studying situations in which C [2] is pointwise boundedly dense in /7 m ([/), then there is no loss in generality in assuming that U is a union of some components of U* (i.e. that the E n are empty).
We call a set U an FRS set if it is open and bounded and is a union of components of its interior U*. Note that the components of an FRvS set are simply connected.
Since we lose nothing essential, we shall work exclusively with FRS sets U. When U is an FRS set, with components U^ U 2 , U 3 ,..., we fix a point a n e U n and let A n denote harmonic measure for a n on bdy (U n ). We set A = 2™ A n /2", and call A a harmonic measure for U. We note that X n is singular to A m whenever n 4= m. (A) . There are a number of equivalent ways of describing /. One way is to map the nth component U n conformally to D, transfer / | U n to a function in //°°(D), take non-tangential limits, a.e. dd, and transfer them back. This defines/a.e. d\ n . Since the various A n are mutually-singular, this suffices to define/. A second way is to use Brownian motion. For our present purposes, the most relevant is this. We may choose a sequence p m of polynomials converging pointwise boundedly on U to / , and converging A-a.e. See [2] , (VI-5-2). The limit is/ For each n, we fix a conformal map <p n : U n^D . Even though <j) n need not extend continuously to X n = bdy (U n ), it does extend as a Borel bijection of a set of full X n measure on X n , onto a set of full dd measure on S 1 . The extension is non-unique, but it is determined up to sets of measure zero at each end. We denote by H n the image in S 1 oi F under such a bijection. In the case when U is the unit disc, this theorem is due to Stray [4] . Note that the equivalence of (1) and (2) does not state that 'there is no interaction between distinct components in this problem'. It takes this neat form because of the formulation in terms of closed sets F.
We observe that (5) is equivalent to the same statement, with 'closed set' replaced by 'Borel set'.
We note that it is not true that (U,F) is Farrell if and only if ([/*, F) is Farrell. The latter condition implies the former, but not conversely. The classical cornucopia ( Figure 1 ) provides an example.
An example with smoothly bounded components is provided by the budding disc ( Figure 2) .
Letting U denote the union of the buds,
where 2. Proof of Theorem 1 We begin with a lemma about FRS sets. LEMMA 
If V is a union of components of an FRS set, then V is itself an FES set.
Proof. Let u be an FRS set, with components U x , U 2 , U 3 ,..., and let neJ be a union of components of U. We must prove that for each neJ the set U n is a component of V*. Now we begin the proof of Theorem 1. We use the notation
(1) => (2) 
T h e n \\f\\ v = \\f\\ Un a n d \\f\\ F = \\f\\ Fn , s o t h e e x i s t e n c e o f t h e required polynomials p m follows from the fact that (U,F) is Farrell. Let /e//°°(C/) and e > 0 be given. Let 77 = ||/|| s + e. We will modify an argument that goes back to Davie to show that / may be approximated pointwise on U by polynomials p m that have \p m \ ^ I o n t/ and \p m \ < 77 on F. 
It follows that
We claim that v\X is absolutely continuous with respect to A*. In fact, let /t x be the balayage of ft to X, and let v l be the balayage of v \ U. Then /i 1 (2) is a much stronger statement.
It is not hard to see that it is equivalent to demand condition (2) only for closed sets T<=H. (2) Assume that almost every point of H is a nontangential limit point of S, and let T be a closed subset of H. For a > 0, let us say that zeS 1 is an a-non-tangential limit point of S if there is a sequence z n eS, converging to z, such that a.\z-z n \ s$ l -| z j .
Proof of Lemma 2. (1)=>
We may assume that there exists a > 0 such that each point of T is an a-nontangential limit point of S, because the general T may be written as a disjoint union We note from the proof that the measures v n may be taken discrete, if that is desired.
We now continue the proof of Theorem 1. 
dd-a.e.onH n
This is because w i t h / = gocp n , we g e t / = go(j> n a.e. A n . Thus the equivalence of conditions (3) and (4) of the Theorem follows from the equivalence of conditions (1) and (3) of Lemma 2.
(5)<=>(3) In the same way, the equivalence of conditions (1) and (2) of Lemma 2 shows that condition (3) of Theorem 1 is equivalent to the following statement:
for each n and for each Borel set T c H n there is a sequence of measures fi m , (TO = 1,2,3,...) with compact support lying in 4> n {S n ), and having total mass less than or equal to the d#-measure \T\ of T, such that /i m^d 6\T in the weak-star topology on H m (D)*. Since all the terms in this statement are conformally invariant, we obtain the equivalence of condition (5) of the Theorem.
This concludes the proof of the Theorem.
Remarks and further results (3
-l) Figure 3 shows an example of an FRS set U for which the conformal map from U to D is not uniformly continuous.
(3-2) Let U be a FRS set and F c clos(E/) be closed.
From the proof of Theorem 1, we see that (U,F) is Farrell if and only if (U*,F*)
is Farrell, where F* is obtained from F by adding to it a set S n in each component U n of U* \ U for which the harmonic measure with respect to U n of F is positive, in such a way that clos (S n ) =S n \J (bdy (U n 0 F)) and {U n , clos (S n )) is a Farrell set. It is not, in general, possible to phrase the conditions in terms of non-tangential approach, in the original set U. Non-tangential approach (approach from a sector) is not a conformally invariant idea, and (as is known) there may be almost no points on bdy (U n ) that are non-tangentially approachable.
Condition (5) has the advantage that it does not refer to the conformal maps, about which little may be known. It has the disadvantage that weak-star convergence with respect to //°°(t/) may be difficult to check. In general, it is fair to say that the sets for which the conformal maps are ill-behaved are the same as those for which the weak-star convergence is hard to check, so there is little to choose between the two conditions.
(3-5) The property of being a Farrell pair is not topological, i.e. there exist pairs (U,F) and (F, G), mapped one to the other by a global homeomorphism of C, such that (U,F) is Farrell and (V, G) is not. To make such an example, modify the budding disc in such a way that the closure of the set of buds meets the unit circle (the boundary of the inner disc) only on a subset K that is perfect and has length zero. Take U to be the union of the central disc and the set of all the buds, and S to be the set of buds. Let F = S U K. Then (U,F) is a Farrell pair, since K has harmonic measure zero for all components oft/. We may construct a homeomorphism of C onto itself, of the form l F ( 6 l ) where xjr is a periodic homeomorphism of R onto itself, with the property that has positive length. The result is that (¥"(£/), *F(if)) is not Farrell, because condition (3) of Theorem 1 fails. In fact, one can see that the characteristic function of the set of buds cannot be suitably approximated by polynomials.
(3-6) If the boundary of U is locally smooth off an exceptional set which for each n is the union of a set of Hausdorff dimension less than 1 and a countable union of impressions of prime ends of U n , then (by Makarov's Theorem [3] ) each A n is mutually absolutely continuous with respect to length (1-dimensional Hausdorff measure) and (by a well known result on conformal mapping) non-tangentiality transfers faithfully under the conformal map <f> n , so that we can then rephrase the property of being a Farrell pair in terms of non-tangential limits. This covers all but extremely pathological examples. However, it must be said that extremely pathological examples are generic in plane topology. For instance, one can find three simply connected open sets with the same boundary.
(3 -7) Another consequence of Makarov's Theorem is that if F is a compact set of Hausdorff dimension less than 1, then (U,K) is a Farrell pair whenever U is a FRS set whose closure contains K. (3 - 8) The property of being a Farrell pair can be rephrased in terms of the maximal ideal space M (or character space) of the uniform algebra H X (U). Here is a brief summary of the relevant facts. There is a continuous projection n:M->C denned by n((f)) = <fi(zt^z). The algebra H X (U) is isometrically isomorphic to the Z 00 orthogonal direct sum of the uniform algebras H m (U n ). For each n, we may consider the maximal ideal space M n of H x (U n ). There is usually more to M than the disjoint union of the M n , but the rest of it will not concern us. The harmonic measure A n (for the fixed point a n eU n ) on X n lifts to M n in many ways, but in one special way. The Shilov boundary Sh n of M n may be identified with the Choquet boundary of the space of bounded harmonic functions on U n ; there is a unique probability measure A* on Sh n such that f * -
J Sh n
whenever h is a bounded harmonic function on U n ; evidently TT*A* = A n . Apart from the considerably enhanced level of abstraction, the proof of this is not essentially different from that of the theorems about A n s.
